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Abstract
In this paper we study the interplay between complex coordinates on
the Calabi-Yau metric cone and the special Killing forms on the toric
Sasaki-Einstein manifold. In the general case we give a procedure to lo-
cally construct the special Killing forms. In the final part we exemplify
the general scheme in the case of the 5−dimensional Y p,q spaces, identify-
ing the additional special Killing 2-forms which were previously obtained
by the second author of the present paper, but with a different method,
in [Mod. Phys. Lett. A 27 (2012) 1250217].
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1 Introduction
Historically, Sasakian structures grew out of research in contact geometry and
were studied extensively in the 1960’s. In the last time, there has been renewed
interest in Sasaki geometries in connection with some recent developments in
mathematics and theoretical physics [21]. New explicit inhomogeneous Sasaki-
Einstein metrics in all dimensions have been constructed in [9]. Moreover, using
the construction of Boyer and Galicki [3], infinitely many toric Sasaki-Einstein
manifolds with arbitrarily high second Betti number of every dimension ≥ 5
were given in [25].
A particularly interesting class of toric contact structures on S2 × S3 have
been studied by physicists [8, 15] and denoted by Y p,q where p, q are relative
prime integers satisfying 0 < q < p. These structures have become of much
interest in connection with the AdS/CFT conjecture [14]. The AdS/CFT cor-
respondence provides a detailed correspondence between certain conformal field
theories and geometries leading to remarkable new results in both sides. The
Sasaki-Einstein manifolds with their explicit metrics offer useful models to test
AdS/CFT duality.
The purpose of this paper is the explicit construction of the special Killing
forms on toric Sasaki-Einstein manifolds, this goal being achieved using foliated
coordinates on the metric cone of the manifold. The interest in the Killing
forms is motivated by the key role of symmetries in physics. For the geodesic
motions in a space-time, the usual conserved quantities are related to the isome-
tries which correspond to Killing vectors. Sometimes a space-time could admit
higher order symmetries described by symmetric Stäckel-Killing tensors. These
symmetries are known as hidden symmetries, and the corresponding conserved
quantities are quadratic or, more general, polynomial in momenta.
Another natural generalization of the Killing vector fields is represented by
the Killing forms which in many aspects are more important than the Stäckel-
Killing tensors. It was realized the significant connection between Killing forms
and nonstandard supersymmetries. Investigation of the properties of higher
dimensional space-times has pointed out the role of conformal Killing forms to
generate black holes solutions [6].
In the case of Sasaki-Einstein spaces, there are special Killing forms directly
constructed from the contact form of the Sasaki manifolds. Besides these special
Killing forms, there are two special Killing forms connected with the additional
parallel forms of the Calabi-Yau cone manifolds given by the complex volume
and its conjugate [20].
Concerning special Killing forms, we would like to point out that this notion
was originally introduced by Tachibana and Yu in [23], but the concept was
mainly developed by Semmelman [20], who gave some equivalent definitions
more natural than the original one, and a complete description of manifolds
admitting special Killing forms. It is easy to remark that the restriction from
Killing forms to special Killing forms is analogous to the definition of a Sasakian
structure as a unit Killing vector field satisfying an additional equation. We also
note that special Killing forms are of great interest in physics, due to potential
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applications to gauge/gravity duality and string theory. For example, very
recently, Houri, Takeuchi and Yasui [12] introduced the concept of a Sasaki
manifold with torsion and proved that these metrics admit two types of hidden
symmetries, the first arising from the special Killing forms. Moreover, they
showed that these metrics on the five-dimensional compact manifolds naturally
generalize the toric Sasaki-Einstein metrics Y p,q and Labc.
The great importance of special Killing forms in our setting comes also from
the fact that any Killing form of degree at least 3 on a compact Sasaki-Einstein
manifold is actually special [22]. In particular, since 3-Sasakian manifolds are
automatically Einstein [13], the above result extends on compact 3-Sasakian
spaces, an interesting class of manifolds investigated in the context of the
AdS/CFT-correspondence by Yee [28], Martelli, Sparks and Yau [18].
The organization of the paper is as follows: In the next Section we give
some mathematical preliminaries regarding the special Killing forms on Sasaki-
Einstein manifolds and their Calabi-Yau cones. In order to construct the special
Killing forms on Sasaki-Einstein manifolds, in Section 3 we investigate the com-
plex volume and the foliated coordinates on the metric cone, and then we give a
procedure to locally extract the special Killing forms on a toric Sasaki-Einstein
manifold. In Section 4 we exemplify the general scheme in the case of the Y p,q
manifolds, identifying two additional special Killing 2-forms. We note that these
Killing forms were also obtained in [22] with a different approach, namely by a
direct calculation. Finally we give our conclusions in Section 5.
2 Preliminaries
The conformal Killing-Yano tensors provide a generalization of Killing vector
fields. In order to introduce this concept, we start out by considering the tensor
product space V ∗ ⊗ ∧p V ∗, where (V, 〈·, ·〉) is an m− dimensional Euclidean
space. Considering the wedge product ∧ and the contraction map y, this tensor
product splits as a direct sum of three terms, with the following identification
(see [20])
V ∗ ⊗
p∧
V ∗ ≃
p+1∧
V ∗ ⊕
p−1∧
V ∗ ⊕
p,1∧
V ∗ .
Let us denote by pr∧p,1 , pr∧p+1 , pr∧p−1 the projections on the first, second and
third term, respectively.
The following obvious relation is satisfied
pr∧p,1 = Id− pr∧p+1 − pr∧p−1 ,
so if {ei}1≤i≤m is an orthonormal basis and {αi}1≤i≤m the associated dual basis,
then the above projection can be written as
pr∧p,1 (α⊗Ψ) = α⊗Ψ− 1
p+ 1
∑
i
αi ⊗ eiy (α ∧Ψ) (1)
− 1
n− p+ 1
∑
i
αi ⊗ αi ∧ (α♯yΨ) .
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for any α ∈ V ∗ and Ψ ∈ ∧pV ∗, ♯ being the "musical" isomorphism between
V ∗ and V , related to the Euclidean structure. We recall that given an element
α ∈ V ∗, we know that there exists a unique v ∈ V such that α(u) = 〈v, u〉 for
all u ∈ V and the "sharp" operator ♯ is defined by α♯ = v.
It turns out that
∧p,1
V ∗ is the intersection of the kernels of wedge product
and contraction map. This fact can be also checked directly, by considering
µ1 : V
∗ ⊗
p∧
V ∗ →
p+1∧
V ∗, µ1 (α⊗Ψ) := α ∧Ψ ,
µ2 : V
∗ ⊗
p∧
V ∗ →
p−1∧
V ∗, µ2 (α⊗Ψ) := α♯yΨ ,
and calculating
µ1 ◦ pr∧p,1 = 0, µ2 ◦ pr∧p,1 = 0 .
Now, let us consider a Riemannian manifold (M, g) with dimM = m en-
dowed with the Levi-Civita connection ∇. If Ψ ∈ Γ (∧p TM∗) is a smooth
differential form of dimension p, then we can regard ∇Ψ as a section in a ten-
sorial fibre bundle, ∇Ψ ∈ Γ (TM∗)⊗ Γ (∧p TM∗), and we have
∇Ψ =
∑
i
αi ⊗∇eiΨ , (2)
where {ei}1≤i≤m and {αi}1≤i≤m are now the corresponding local orthonormal
frames.
The twistor operator T is defined as the composition [20]
T := pr∧p,1 ◦ ∇ ,
and using (1) and (2), we obtain
T (Ψ) := pr∧p,1 (∇Ψ)
=
∑
i
αi ⊗∇eiΨ−
1
p+ 1
∑
i
αi ⊗ eiy

∑
j
αj ∧∇ejΨ


+
1
n− p+ 1
∑
i
αi ⊗ αi ∧

−∑
j
ejy∇ejΨ


=
∑
i
αi ⊗
(
∇eiΨ−
1
p+ 1
eiydΨ+
1
n− p+ 1α
i ∧ d∗Ψ
)
,
where d and d∗ are the de Rham differential and co-differential operators with
respect to the Riemannian structure g.
It is now obvious that T (Ψ) = 0 if and only if
∇XΨ− 1
p+ 1
XydΨ+
1
n− p+ 1X
∗ ∧ d∗Ψ = 0 ,
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for any vector field X . The differential forms that satisfy the above equation
are called conformal Killing -Yano tensors or conformal Killing forms [20].
Coclosed conformal Killing form are called Killing forms. If the dimension
is 1, then Killing forms are just dual to Killing vector fields.
Any parallel form is a Killing form. It is easy also to see that on
(
R
3, x1, x2, x3
)
with canonical metric, the differential form
Ψ = x3dx1 ∧ dx2 + x1dx2 ∧ dx3 + x2dx3 ∧ dx1
is a Killing form. Other non-trivial Killing and conformal Killing form can be
defined on standard sphere, on Sasakian manifolds, on nearly Kähler manifolds.
A particular class of Killing forms is represented by the special Killing forms,
which satisfy, for some constant c, the equation [23, 20]
∇X (dΨ) = cX∗ ∧Ψ .
Here X is an arbitrary vector field on M . The interesting feature of special
Killing forms comes from the fact that the most known Killing forms are actually
special.
In order to classify this type of differential forms, in [20] Semmelmann intro-
duced a correspondence between special Killing forms defined on the manifold
M and parallel forms defined on the metric cone C(M). This is in fact the
product manifold M × R>0, with dimC(M) = 2n = m + 1, endowed with the
warped metric gcone := dr
2 + r2g. More exactly, a p−dimensional differential
form Ψ is a special Killing form on M if and only if the corresponding form
Ψcone := r
pdr ∧Ψ+ r
p+1
p+ 1
dΨ (3)
is parallel on C(M).
A particular example when the special Killing forms are known to exist
is represented by Sasaki-Einstein manifolds. It is well-known that a Sasakian
manifold is a Riemannian manifold (M, g) whose metric cone C(M) is Kähler
[2]. From this it follows that M also has a contact structure (φ, ξ, η) such that
the 1-dimensional foliation generated by the Reeb vector field ξ is transversely
Kähler [7]. A Sasaki-Einstein manifold is a Riemannian manifold (M, g) that is
both Sasakian and Einstein. On the other hand, a toric Sasakian manifold is a
Sasakian manifold (M, g) of dimension 2n− 1 with Sasakian structure (φ, ξ, η),
such that there is an effective action of n-dimensional torus G, preserving the
Sasakian structure, while ξ is an element of the Lie algebra ofG [5]. Equivalently,
a toric Sasakian manifold is a Sasakian manifold whose Kähler cone is a toric
Kähler manifold [10, 11].
On a (2n−1)−dimensional Sasaki manifold with the Reeb vector field ξ and
1−form η := ξ∗, there are the following special Killing forms:
Ψk = η ∧ (dη)k , k = 0, 1, · · · , n− 1 .
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Besides these Killing forms, there are n− 1 closed conformal Killing forms (also
called ∗-Killing forms)
Φk = (dη)
k , k = 1, · · · , n− 1 .
In the case of a Sasaki-Einstein manifold the metric cone is Ricci-flat, has
holonomy SUn and there are two additional parallel forms related to complex
volume form. To wit, on this type of manifolds with SUn geometric structure,
there exists a complex volume form Ω and also its conjugate Ω¯, these globally
defined complex n−dimensional differential forms being furthermore parallel
[19, 20, 27]. Then, special real parallel differential forms on the Sasaki-Einstein
metric can be derived.
From the above consideration, it becomes clear the relevance of the complex
volume form of the metric cone of a Sasaki-Einstein manifold. Consequently,
it is of interest to consider in the following the complex coordinates defined on
a toric Sasaki-Einstein manifold. The geometric cone of this manifold can be
regarded in the classical manner [1, 15, 17].
First of all, we introduce symplectic (action-angle) coordinates (yi, φi); the
angular coordinates φi will generate the toric action. The corresponding Kähler
metric on C(M) will be [17]
ds2 = Gijdy
idyj +Gijdφidφj ,
where the metric coefficients are obtained using the symplectic potential G
Gij =
∂2G
∂yi∂yj
,
and
(
Gij
)
= (Gij)
−1
.
We can now express the complex structure
J =
(
0 −Gij
Gij 0
)
,
while the Kähler form is
ω = dyi ∧ dφi .
Next, we present the complex approach. From symplectic coordinate we
can pass to the coordinate patch (xi, φi), obtained from complex coordinates
zi := xi + iφi, with i :=
√−1. This time, the metric structure is written in the
following manner
ds2 = Fijdx
idxj + Fijdφ
idφj .
In this setting, the metric coefficients are again obtain using the Hessian of the
Kähler potential F , i.e.
Fij =
∂2F
∂xi∂xj
.
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With respect to the coordinates (xi, φi), the Kähler form is
ω =
(
0 Fij
−Fij 0
)
.
The symplectic potential G and the Kähler potential F are related by the Leg-
endre transform
F (x) =
(
yi
∂G
∂yi
− g
)
(y = ∂F/∂x) .
Consequently, F and G are Legendre dual to each other
F (x) +G(y) =
∑
j
∂F
∂xj
∂G
∂yi
atxi =
∂G
∂yi
or yi =
∂F
∂xi
.
From the above considerations it follows that Fij = G
ij (y = ∂F/∂x).
Our interest for complex coordinates on Sasakian toric manifolds comes from
the fact that using this particular type of coordinates it is possible to express a
complex volume form in a very convenient way. More exactly, on these manifolds
the complex volume form Ω can be written as [17]
Ω = ez
1
dz1 ∧ .. ∧ dzn .
Employing the above relation, in the next sections we show that is possible to
extract the special Killing forms on manifolds of Sasaki-Einstein type.
3 Complex volume form and foliated coordinates
on geometric cone
Within this section, we show that working with foliated coordinates we can
locally extract the special Killing forms on a Sasaki-Einstein manifold.
More precisely, starting with the natural foliated structure on the metric cone
C(M) (which topologically can be identified with R>0×M), we consider in the
following the existence of (local) foliated coordinates
(
r; f2, .., fn, φ1, .., φn
)
. r
will stands for the transverse coordinate, while f2, .., fn, φ1, .., φn will stand for
leafwise coordinates, describing the immersed submanifolds; for general topics
concerning foliated structures we indicate [24]. As the coordinates (xi, φi) are
assumed independent, the smooth link between the initial local coordinates(
xi, φi
)
and the foliated coordinates
(
r; f i, φi
)
is expressed in the form{
xi = xi
(
r, f2, .., fn
)
,
φi = φi .
Consequently, for the coframes
(
dxi, dφi
)
and
(
dr; df i, dφi
)
we get{
dxi = ∂x
i
∂r
dr + ∂x
i
∂fj
df j ,
dφi = dφi .
7
We consider also the Jacobi matrix
A :=


∂x1
∂r
∂x1
∂f2
· · · ∂x1
∂fn
...
...
...
...
∂xn
∂r
∂xn
∂f2
· · · ∂xn
∂fn

 .
In accordance with (3) (see also [20, 26]), we search for a complex differential
form ωM which verifies the relation
Ω = rn−1dr ∧ ωM + r
n
n
dωM . (4)
The starting point is the following description of the complex volume form
Ω using foliated coordinates
Ω = ez
1
(
∂x1
∂r
dr +
∂x1
∂f j
df j + idφ1
)
∧ . . .
· · · ∧
(
∂xn
∂r
dr +
∂xn
∂f j
df j + idφn
)
.
In order to extract ωM , we need to keep the trace of the differential form dr. We
get n terms in the above wedge product; considering Ω as a sum of differential
forms of dimension n, for an arbitrary term let us assume that i is the rank of
dr, and in the left we have the ranks j1,..,jp where terms of type idφ
s appear in
the wedge product, while in the right of dr we get also the ranks k1,..,kq where
terms of type idφs also appear. Tracing out all the terms that appear, we finally
get
ωM =
1
rn−1
ez
1
n∑
i=1
∂xi
∂r
∑
p,q
Ci
ip+q
∑
J,K,L
Ci,p,q
(−1)S ALJ;i;KdfL ∧ dφJ ∧ dφK , (5)
where in the above expression we use multi-indices J := (j1, .., jp) with j1 <
.. < jp, K := (k1, .., kq) with k1 < .. < kq and L := (l1, .., ln−p−q+1) with
l1 < .. < ln−p−q+1; the condition Ci means 1 ≤ p ≤ i − 1, and i ≤ q ≤ n,
the condition Ci,p,q means 1 ≤ j1 < .. < jp < i, i < k1 < .. < kq ≤ n and
2 ≤ l1 < .. < ln−p−q+1 ≤ n. We also denote
dfL := df l1 ∧ · · · ∧ df ln−p−q+1 ,
dφJ := dφj1 ∧ · · · ∧ dφjp ,
dφK := dφk1 ∧ · · · ∧ dφkq .
Furthermore, ALJ;i;K stands for the determinant of the matrix obtained from A
by suppressing the rows j1,..,jp, i, k1, ..,kq, and selecting the columns l1,..,ln−p−q+1;
if no indices of a certain type exist, then we agree to denote this by 0 . For
instance, for the term A0J;i;K , which corresponds to the case when the term
is constructed only using wedge product of differential forms of type dφjs and
8
dφks , we agree to put A0J;i;K := 1. Finally, concerning the sign of each term in
the above sum, we have
S = nq −
q∑
s=1
ks + np−
p∑
s=1
js
−q (q − 1)
2
− p (p− 1)
2
− p (q + 1) .
Remark 1. Let us notice that according to [20, Lemma 4.5], the differential
form ωM obtained from (4) will no longer depend on the transverse coordinate
r. Consequently, ωM will be a complex special Killing form on the manifold
M , locally expressed in the coordinates f2,..,fn,φ1,..,φn, while Ξ := ReωM and
Υ := ImωM will be real special Killing forms in the classical sense.
4 An application: the spaces Y p,q
In the particular framework represented by the spaces Y p,q, the special Killing
forms were extracted by a direct calculation [26]. In this final section we present
an alternative approach using the above results in this particular case.
Let us consider the explicit local metric of the 5-dimensional Y p,q manifold
given by the line element [15]
ds2 =
1− c y
6
(dθ2 + sin2 θ dφ2) +
1
w(y)q(y)
dy2 +
q(y)
9
(dψ − cos θ dφ)2
+ w(y)
[
dα+
ac− 2y + c y2
6(a− y2) [dψ − cos θ dφ]
]2
,
(6)
where
w(y) =
2(a− y2)
1− cy ,
q(y) =
a− 3y2 + 2cy3
a− y2 .
(7)
This metric is Einstein with Ricg = 4g for all values of the constants a, c.
Moreover, the space is also Sasaki. For c = 0, the metric takes the local form of
the standard homogeneous metric on T 1,1 [15]. Otherwise, the constant c can
be rescaled by a diffeomorphism, so in what follows we take c = 1. For
0 < α < 1
we can take the range of the angular coordinates (θ, φ, ψ) to be 0 ≤ θ ≤ 2π , 0 ≤
φ ≤ 2π , 0 ≤ ψ ≤ 2π. Choosing 0 < a < 1, the roots yi of the cubic equation
a− 3y2 + 2y3 = 0 ,
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are real, one negative (y1) and two positive (y2, y3). If the smallest of the
positive roots is y2, one can take the range of the coordinate y to be
y1 ≤ y ≤ y2 .
Following [15, 17], for this particular space we take the complex coordinates
z1 := log
(
r3 sin θ
√
p(y)(1− y)
2
eiψ
)
(8)
= 3 ln r + ln sin θ +
1
2
ln
p(y)(1− y)
2
+ iψ′ ,
z2 :=
1
3
√
3
log
(
tan
θ
2
eiφ
)
=
1
3
√
3
ln tan
θ
2
+ iφ′ ,
z3 :=
1
6
log
(
1
sin θ
√
(y − y1)−
1
y1 (y2 − y)−
1
y2 (y3 − y)−
1
y3 e−6iα−iψ
)
= −1
6
ln sin θ − 1
2
ln
(
(y − y1)−
1
y1 (y2 − y)−
1
y2 (y3 − y)−
1
y3
)
+iβ′ ,
where we denote (see also [26])
p(y) := w(y) · q(y) = 2
(
a− 3y2 + 2y3)
a− y2 , (9)
β′ := −α− 1
6
ψ ,
φ′ :=
1
3
√
3
φ ,
ψ′ := ψ .
Consequently
dβ′ = −dα− 1
6
dψ , (10)
dφ′ =
1
3
√
3
dφ ,
dψ′ = dψ .
From (8), we obtain
x1 = 3 ln r + ln sin θ +
1
2
ln
p(y)(1− y)
2
, (11)
x2 =
1
3
√
3
ln tan
θ
2
,
x3 = −1
6
ln sin θ − 1
2
ln
(
(y − y1)−
1
y1 (y2 − y)−
1
y2 (y3 − y)−
1
y3
)
,
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while for the toric coordinates we simply have
φ1 = ψ′ , (12)
φ2 = φ′ ,
φ3 = β′ .
We derive from (8) the following useful relations (see also [15]).
dz1 =
cos θ
sin θ
dθ + 3
dr
r
− 6 y
p(y)
dy + idψ′ ,
dz2 =
1
3
√
3
1
sin θ
dθ + idφ′ ,
dz3 = −1
6
cos θ
sin θ
dθ +
1
p(y)
dy + idβ′ .
Now, comparing for instance with [15, (2.28)], it is easy to verify that
Ω = ez
1
dz1 ∧ dz2 ∧ dz3 .
The above results, obtained in the general case of the metric cone of a Sasaki-
Einstein manifold, can be now applied to calculate the special Killing forms in
our particular case.
From the relation (11) and (12) it follows that we can consider the foliated
coordinates (r; θ, y, ψ′, φ′, β′); with respect to these convenient local coordinates,
the Jacobi matrix A can be calculated as follows
A =


3
r
cos θ
sin θ − 6yp(y)
0 1
3
√
3
1
sin θ 0
0 − 16 cos θsin θ 1p(y)

 .
With the above consideration, we can now proceed to calculate the complex
differential form ωM . First of all we have ∂x
1
∂r
6= 0, all other terms of this type
vanish, so the only possibility for i is 1; consequently p = 0, there is no js, and
q can only be 0, 1 or 2.
Using the relation (5), we get
ωM =
1
r2
3
r
(
r3
√
p (y) (1− y)
2
sin θ
)
eiψ
′
(13)
×
(
(−1)0 i0A230;1;2dθ ∧ dy + (−1)1 i1A20;1;2dθ ∧ dφ′
+(−1)1 i1A30;1;2dy ∧ dφ′ + (−1)0 i1A20;1;3dθ ∧ dβ′
(−1)0 i1A30;1;3dy ∧ dβ′ + (−1)0 i2A00;1;2,3dφ′ ∧ dβ′
)
.
We calculate the coefficients in the following.
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For q = 0 we obtain
A230;1;2 =
∣∣∣∣∣
1
3
√
3
1
sin θ 0
− 16 cos θsin θ 1p(y)
∣∣∣∣∣
=
1
3
√
3
1
sin θp(y)
.
Next, for q = 1 one can calculate
A20;1;2 = − 16 cos θsin θ , A30;1;2 = 1p(y) ,
A20;1;3 = 13√3 1sin θ , A30;1;3 = 0 .
Finally, for q = 2 we obtain
A00;1;2,3 = 1 .
Plugging now all the above terms in the formula (13), we end up with
ωM = eiψ
′
√
1− y
6p (y)
(
dθ ∧ dy + i
√
3
2
cos θp(y)dθ ∧ dφ′
−i3
√
3 sin θdy ∧ dφ′ + ip(y)dθ ∧ dβ′
−3
√
3p(y) sin θdφ′ ∧ dβ′
)
.
We write ωM in a more convenient form,
ωM =
√
1− y
6p (y)
(cosψ′ + i sinψ′)×
([
−dy ∧ dθ + 3
√
3p(y) sin θdβ′ ∧ dφ′
]
+i
[
−p(y)dβ′ ∧ dθ +
√
3
2
cos θp(y)dθ ∧ dφ′ − 3
√
3 sin θdy ∧ dφ′
])
.
From here, calculating the real and imaginary part, we get
Ξ =
√
1− y
6p (y)
(
cosψ′
[
−dy ∧ dθ + 3
√
3p(y) sin θdβ′ ∧ dφ′
]
− sinψ′
[
−3
√
3 sin θdy ∧ dφ′ − p(y)dβ′ ∧ dθ
+
√
3
2
cos θp(y)dθ ∧ dφ′
])
,
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and respectively
Υ =
√
1− y
6p (y)
(
cosψ′
[
−3
√
3 sin θdy ∧ dφ′ − p(y)dβ′ ∧ dθ
+
√
3
2
cos θp(y)dθ ∧ dφ′
]
+ sinψ′
[
− dy ∧ dθ
+ 3
√
3p(y) sin θdβ′ ∧ dφ′
])
.
Replacing now ψ′, φ′, β′ by ψ, φ, β and considering also (9) and (10), we
eventually obtain (14) and (15) from [26].
5 Conclusions
It is well-known that a lot of examples of Sasaki-Einstein manifolds may be
obtained via toric geometry, and such examples are a good testing ground for the
predictions of the AdS/CFT correspondence [17]. In this paper we give a general
scheme to construct the special Killing forms on a toric Sasaki-Einstein manifold.
This procedure is effectively exemplified in the case of the Y p,q manifolds, and
computations in this explicit 5−dimensional space reveal that the special Killing
forms obtained in this article agree with the results previously obtained in [26]
with a different approach.
On the other hand, in [16] the authors investigated two explicit infinite
families Y p,q of Sasaki-Einstein 7-manifolds, which are lens-space bundles S3/Zp
over CP 2 and CP 1 × CP 1, respectively, and showed that the metric cones
over these Sasaki-Einstein 7−manifolds are in fact toric. It is the hope of the
authors that the techniques developed in this paper can be applied to extract
the special Killing forms on the 7-dimensional Y p,q spaces, as well on the Labc
spaces. We note that the spaces Labc (where a, b, c are three positive coprime
integers that satisfy some other relations), are certain 5-dimensional Einstein-
Sasaki manifolds with a T 3-worth of isometries acting with cohomogeneity two
[4]. These metrics are constructed starting by rotating anti-de Sitter black
hole metrics in 5 dimensions, Euclideanizing, and then taking an appropriate
limit motivated by physical considerations. The restrictions on a, b, c arise from
requiring that the locally defined metrics extend smoothly over a compact, non-
singular 5-manifold. When a+b = 2c, these metrics reduce to the cohomogeneity
one metrics Y p,q.
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